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We use the Myers T-dual nonabelin Born-Infeld action to find some new nontrivial solutions 
for the branes in the background of D6-branes and Melvin magnetic tube field. In the D6- 
Branes background we can find both of the fuzzy sphere and fuzzy ring solutions, which 
are formed by the gravitational dielectric effect. We see that the fuzzy ring solution has 
less energy then that of the fuzzy sphere. Therefore the fuzzy sphere will decay to the 
fuzzy ring configuration. In the Melvin magnetic tube field background there does not exist 
fuzzy sphere while the fuzzy ring configuration may be formed by the magnetic dielectric 
effect. The new solution shows that D propagating in the D6-branes and magnetic tube 
field background may expand into a rotating fuzzy ring. We also use the Dirac-Born-Infeld 
action to construct the ring configuration from the D-branes. 
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1 Introduction 



The realization that the D-branes play a fundamental role in the understanding of string 
and M-theory has played a central role in the developments of the past years [1,2]. It 
is known that higher-dimensional branes may be constructed from the lower- dimensional 
branes. Especially some nontrivial configurations, such as the fuzzy sphere, supertubes, 
torus, cylinder, and plane may be formed under the dielectric effect [3,4]. 

In recent, the investigations have been extended to the theory in the curved spacetime. 
Among these the spacetime with Melvin metric [5,6] has been studied extensively. Melvin 
metric is a solution of Einstein-Maxwell theory, which describes a static spacetime with a 
cylindrically symmetric magnetic flux tube. It provides us with a curved space-time back- 
ground in which the superstring theory can be solved exactly [7]. In the Kaluza-Klein 
spacetime the Melvin solution is a useful metric to investigate the decay of magnetic field 
[8] and the decay of spacetimes, which is related to the closed string tachyon condensation 
[9]. The fluxbranes in the Melvin spacetime have many interesting physical properties as 
investigated in the resent literatures [10]. 

In [11] Hyakutake had investigated the gravitational dielectric phenomena of a D2-brane 
in the background D6-branes. He has shown that the spherical D2-brane with nonzero radius 
becomes classical solution of the D2-brane action. The corresponding curved background 
spacetime is the classical solution of N coincident D6-branes, which was found by Gibbons 
and Maeda [4]. 

In this paper we try to investigate the branes dynamics in the background of D6-branes 
and Melvin magnetic tube field by the nonabelin Born-Infeld action. The Myers T-dual 
nonabelin Born-Infeld action adopted in this paper is given by [3]. 

Sbi = ~T P J d p+1 aTr {e^^-det (P [E ab + E m (Q^ - 6)^E jb ] + XF ab ) det(Q*^ , (1.1) 

in which 

Ekj = Gkj + B k j, (1.2) 

Q'j^S^ + j [X\X k }E kj , (1.3) 

and pull-back of the bulk spacetime tensors Gmn to the D-brane world- volume is denoted 
by the symbol P[Gmn], 

P[G] ah = G ah + G t{a d b) X l + Cjil.X'ih.X'. (1.4) 
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The brane tension is denned by 

Tp = (L5) 

and A = 2tt£^ in which £ s is the string length scale. In section II we use the above formula to 
evaluated the nonabelin Born-Infeld action in the background of D6-branes. We show that 
besides the fuzzy sphere solution, which was found by Hyakutake [11], there is also the fuzzy 
ring solution (The definition of fuzzy ring is made in comment 1 of section 2.). We also see 
that the ring solution has lower energy then that of the sphere solution. In section III we 
formulate the nonabelin Born-Infeld action in the background of Melvin magnetic tube field. 
We show that there does not exist the fuzzy sphere solution. However, in this case we still 
have the fuzzy ring solution. We also extend the investigation to the nonstatic system. The 
results show that the D propagating in the D6-branes and magnetic tube field background 
may expand into a rotating fuzzy ring. (Note that in a previous letter we had also found 
the rotating fuzzy ring in the Melvin Matrix model [13,14].) In section IV we also use the 
Dirac-Born-Infeld action [12] to investigate the problems of constructing the ring from the 
D-branes. Last section is devoted to a discussion. 



2 Fuzzy Ring in D6-branes Background 

The spacetimes of the classical solution of iV coincident D6-branes is given by the metric 

ds 2 = f-^r ]flu dx^dx u + /s (5 ij dx i dx j ) , (2.1) 

e* = /-i, / = l + ^i, G ( 2 ) = ^|^sin^A#, (2.2) 

where v = 4, • • • , 9, 0, which label the tangent directions to D6-branes and i,j = 1, 2, 3, 
which describe normal ones. The radius r is given by r = ^5 i jX i xi . G^> is the R-R 2-form 
flux originating from the D6-branes. This flux plays no role in the discussions below. (See 
the comment 3 in this section) 

To proceed, we first set X 4 = • • • = X 9 = as we are interested in the configurations 
of DO-branes which form a fuzzy geometry in the transverse space of D6-branes. Then the 
potential energy of M static DO-branes in the background of N coincident D6-branes (2.1) 
can be evaluated by (1.1). The result is 

Vbo = T STr^f-^[X\X^y (2.3) 
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In this case, for the following physical interpretation, we can express the radius r in terms 
of X i as 

r = ^Tr(X^. (2.4) 

r'2 

In case of / < -j^[X\Xi} 2 , the potential energy of M DO-branes expanded to the quadratic 
order becomes 

/ f 



where 



V D0 ~ T f l l 2 STr (\ - -L[X\Xif 
„ ar -\ -br'^Tr ([X\X j ] 2 ), 

■ Nt s g s 



a = MT n 



T ,N£ s g s s 



(2.5) 

(2.6a) 
(2.66) 



and STr represents the symmetrized trace prescription [3]. Note that to obtain the last 
relation in (2.5) we have used the approximation / = 1 + Ne 2 s r gs ~ Nl 2 s r 9s as we consider 
only the region near the D6-branes. (It is worth noting that in the D6-brane case, the 6+1 
dimensional gauge theory on the D6-branes, unlike the lower dimensional branes, is not 
decoupled from the bulk gravity [15].) 

j^X 1 to obtain the equations of motion 



Now we can use the relation 



5V, 



ih) r 2 



{ - aX l + 36r _1 ^Tr ({X j ,X k } 2 ) - 8Mbr[X j , [X\X j ]}} = 0. (2.7) 



5X* 2M 

There are two types solution in the above equation. 

I. Fuzzy sphere solution: The first solution is given by 

2r* 



[X\X j ] = ±ie ijk 



VM 2 -1 

aM{\ - M- 2 )\^ 
406^ J 



X k , 



(2.8) 



(2.9) 



The solution represents the fuzzy sphere with the radius r*. The Myers effect in here is 
purely gravitational. This is that first found in [11] by Hyakutake. Substituting the fuzzy 
sphere into (2.5) we see that the configuration has the energy 



V, 



sphere O 



q(M 2 - 1) 
406M 



-1/6 



+ 



M 2 



a(M 2 



AObM 



5/6 



(2.10) 
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2. Fuzzy ring solution: Another new solution we found is described by 



X 1 



J- 



iy/3 



1/3 



VbMyfW 



Jxi X z 



iV3 



1/3 



\bMVW 



1 



Jy: 



X 3 = 0, 



(2.11) 



in which Jj are the M x M representation of SU{2). The solution represents the fuzzy ring 
with the radius 

/ aM(l -M~ 2 )\^ 



r* = 



306 



(2.12) 



following the definition in (2.4). Now, substituting the solution into (2.5) we see that the 
fuzzy ring configuration has the energy 



V, 



ring 



a(M 2 - 1) 



-1/6 



306M 

Comparing (2.10) with (2.13) we find that 



+ 



6bM 
M 2 - 1 



a(M 2 - 1) 
306M 



5/6 



(2.13) 



V, 



ring 



4 x V6 



> 1, 



(2.14) 



and the fuzzy ring solution has less energy then that of the fuzzy sphere. Therefore the fuzzy 
sphere is metastable and would decay to the fuzzy ring configuration. 
We make some comments to conclude this section. 

1. A fuzzy sphere is a S 2 configuration in which the coordinates X 1 , X 2 , and X 3 are 
proportional to J x , J y , and J z respectively (Jj are the representation of 577(2)). While 
Tr (J 2 X + J 2 + J 2 ) is a constant which is proportional to the spherical radius (see (2.9)) the 
spherical coordinates X 1 , X 2 , and X 3 do not commute each other. It is this property that 
we call the configuration a fuzzy sphere. In the same way, a fuzzy ring is a Si configuration 
in which the coordinates X 1 and X 2 are proportional to J x and J y respectively. (Note that 
X 3 = 0.) While Tr (^J 2 + J 2 ^j is a constant which is proportional to the ring radius (see 
(2.12)) the ring coordinates X 1 and X 2 do not commute each other. It is this property that 
we call the configuration a fuzzy ring. 

2. It shall be mentioned that not every system which has fuzzy sphere could also have 
fuzzy ring solution. For example, the original matrix model with Chen-Simon term [3] have 
the well known fuzzy sphere solution, but, as can be easily seen, the model does not contain 
the fuzzy ring solution. However, the systems in the background of D6-branes have both of 
fuzzy sphere and fuzzy ring configurations, as shown in this section. 
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3. To prove that the RR 2-form flux originating from the D6-branes does not affect 
the ring solution let us investigate the value of det(Q l j) in (1.1). RR 2-form flux defined in 
(2.2) implies that 

m a9a -z/2 

"** ~ v / x 2 + y2 + z 2 x 2 +y 2 + Z 2> V- ^ a ) 

B - Ms9s ~ X/2 (2 15b) 

"V- Vx 2 + y 2 + z 2 x 2 +y 2> V-M) 

»- = 1 2 N l s9 L 2 7l 2 2- (2.150 

\Jx l + y 2 + z 1 x l + y l 

Using the above values of B MN and the metric G M n in (2.1) the values of E MN in (1.2) can 
be found. Then, through the calculation we have a simple relation 

det(Q{) = 1 - ^[X\Xi] 2 - 1 (B xy [X\X 2 ] + B yz [X 2 ,X 3 } + B zx [X\X l ]f . (2.16) 

The ring solution of (2.11) has the properties X 3 = and z — 0. Thus from (2.15a) we see 
that B xy = 0. Therefore the third term in (2.16) is vanishing and RR 2-form flux Bmn in 
the form (2.2) does not affect the ring solution. Because of this property and considering 
only the static system, i.e., X 1 = the action (1.1) does not be changed if the RR 2-form 
flux with the form (2.2) is introduced. (Note that in (2.16) we have neglected the higher 
order terms of [X*,X j ] n , n > 2.) 

4. It is interesting to see that the action has clearly an SU(2) symmetry, rotating X 1 into 
each other, and generally one would physically expect the vacuum state (the minimum of 
the potential) to have the same symmetry which is, however, apparently absent in the ring 
solution. In fact, besides the solution of (2.11) we also have following two solutions 

^fe^fef^ MsTfcrf *■ x2 -°- (218) 

The three solutions have the same energy and choosing one of the solution as the vacuum 
state will spontaneously break the system symmetry from SU(2) to U(l). 

In the next we will investigate nonabelin Born-Infeld action in the background of Melvin 
magnetic tube field. We will see that in the Melvin magnetic tube field background there 
does not exist fuzzy sphere and fuzzy ring solution can be formed by the magnetic dielectric 
effect. We will also extend the investigation to the nonstatic case and see that D propagating 
in the magnetic tube field background may expand into a rotating fuzzy ring. 
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3 Fuzzy Ring in Melvin Magnetic Tube Background 

The Melvin spacetime is a solution of the Einstein-Maxwell theory [5]. The Kaluza-Klein 
Melvin spacetime may be described as a flat manifold subject to non-trivial identifications [8]. 
Explicitly, the 11-dimensional flat metric in M-theory is written in cylindrically coordinates 

7 

ds 2 u = -dt 2 + ]T dy m dy m + dr 2 + r 2 d V 2 + dx 2 u , (3.1) 

m=l 

with the identifications 

(t, y m , r, ip, x u ) = (t, y m , r,ip + 2-Kn x RB + 27rn 2 , x u + 2™^), (3.2) 

The identification under shifts of 27iri2 for ip and 2imiR for xu are, of course, standard. The 
new feature is that under a shift of xu, one also shifts <p by 2nriiRB. We can introduce the 
new coordinate <p — <p — Bxu and rewrite the metric as 

7 

ds 2 = -dt 2 + dy m dy m + dr 2 + r 2 (dfi + Bd Xll ) 2 + dx 2 u , (3.3) 

m=l 

with the points (t, y m , r, <p, in) and (t, y m , r,<p+ 2nn2, in + 2nniR) identified. 

Since the eleven-dimensional spacetime is flat this metric is expected to be an exact solu- 
tion of the M-theory including higher derivative terms. We can recast the eleven-dimensional 
metric in the following canonical form [8] 

ds 2 u = e- 2<t>/3 ds 2 10 + e^\dx u + 2A fl dx fM ) 2 , (3.4) 

the ten-dimensional IIA background is then described by 

ds 2 1Q = A 1 / 2 (-dt 2 + ]T dy m dy m + dr 2 ] + A-^ 2 r 2 d<f 2 , (3.5) 

V m=l J 

e 4 ^ 3 = A = 1 + r 2 B 2 , = (3.6) 

The parameter B is the magnetic field along the z-axis defined by B 2 = ^F^F^I^q. The 
Melvin spacetime is therefore an exact solution of M-theory and can be used to describe the 
string propagating in the magnetic tube field background [7]. 

To proceed we first express the metric (3.5) in the rectangular coordinates 



dsl = A 2 



^-dt 2 +J2 dy m dy m ^+A^(^l + B 2 x 2 )dx 2 + (l + B 2 y 2 )dy 2 + 2B 2 xydxdy ] j. (3.7) 
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The magnetic field tensor becomes 



Fxy ~ (1 + 5V 2 ) 2 ' (3,8) 



in which r 2 = x 2 + y 2 . Now we can set X 1 = ■ ■ ■ = X 7 = as we are interested in the 
configurations of DO-branes which form a ring configuration. Then the potential energy of 
M static DO-branes in the background of Melvin magnetic tube field (3.5) can be evaluated 
by (1.1). In case of 1 <C — ^[X, Y] 2 , the potential energy of M DO-branes expanded to the 
quadratic order becomes 

V m = T A" 1 / 4 (l + A-±B 2 ) (M - ^Tr[X, Yf ) . (3.9) 

We can try to find the fuzzy ring by the following ansatz 

X = AJ X , Y — A J y . (3.10) 

In this case as the radius is defined by 



1 Tr(X 2 + F 2 ), (3.11a) 



M 



and we have the relation 



Therefore the potential (3.9) becomes 

Vbo = To A~ 1/4 (1 + A" W) (l + ^ J^y) • (3.12) 

After plotting the potential (3.13) with respect the variable r we can see that the potential 
has a minimum at a fine value of r*, which is the radius of the fuzzy ring, as shown in figure 
1. For the case of small magnetic field we have a simple relation 

a/3 

r* w -^-\B\\(M 2 - 1), if \B\ « 1. (3.13) 

Thus the radius of the ring is proportional to strength the magnetic field. Note that in the 
system with of [X, Y] = c, in which c is any constant, the potential becomes minimum at 
r — > oo. This means that the commutative system will runaway to infinite and M DO may 
condense into a fuzzy ring configuration with finite radius. 
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V 




r 



Fig.l. Radius dependence of the potential (3.12). The solid line represents the potential of 
ring which has a minimum. The dot line is the potential of the trivial solution which does 
not have minimum at finite radius. 



We now turn to investigate the nonstatic system. In this case the pull-back of the bulk 
spacetime tensors is 

P[E ab ] tt = G 00 + GuX'X- 1 , (3.14) 



E ab + E ai (Q~ l - 8fE jh = X 1 G H {Q^f G 3 j X J - GjjX'X^ 



(3.15) 



in which the metric Gu, with /, J = 8, 9 is defined in (3.7) and 



Qj = 



1 + {A~ 1 / 2 B 2 xy[X, Y] 
A-y\l + B 2 x 2 )[X, Y] 



1 A - 
A 



{A-V 2 (l + B 2 y 2 )[X, Y\ 
1- {K- 1 ' 2 B 2 xy[X,Y\ 



(3.16) 



As the formula in the nonstatic system becomes too complex we will consider the system in 
the small magnetic field. The analytic Hamiltonian becomes 



H = To A~ 1/4 f 1 + A- 4 A 2 5 2 ) Tr 



(3.17) 



To find an nonstatic solution from the Hamiltonian (3.17) we can make the following ansatz 



X = x(t) J x = Rcos{f{t)) J x , 



(3.18) 



Y = y(t) J y = Rsin(f(t)) J y , 



(3.19) 
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in which R is a constant value and f(t) a time-dependent function to be determined. In this 
ansatz the Hamiltonian (3.17) becomes 

?4 



H D0 = T (l + ^-) (1 + X 2 B 2 ) 



1 + 



q p4 i 



= a(« 2 ,B 2 ) (/(«)) + /?(^B 2 )(mn(2/( t ))) 2 + 7 (« 2 ,B 2 ), (3.20) 

in which the detailed form of the functions a, f3 and 7 are irrelevant to the following analyses. 

The equation (3.20) may be regarded as a particle with mass 2a(R 2 , B 2 ) moving under 
the potential (3(R 2 , B 2 ) (sin(2f(t))) 2 . As the Hamiltonian does not explicitely dependent on 
time this is an energy- conservation system. Thus, depending the initial energy, the particle 
may be oscillating or moving to infinite. (Note that the coordinate of the particle motion is 
the function /(£).) As the radius R 2 (= x(t) 2 + y(t) 2 ) is a constant the solution therefore 
represents a ring which does not change the shape. The ring is called a fuzzy ring as the 
coordinates X and Y in (3.18) and (3.19) are the matrices which do not commutate to each 
other as [X, Y] ~ J z . Also, as x(t) and y(t) is time dependent, the fuzzy ring will be rotating. 
Depending on the function of /(£), (which is dependent of the B and R) the ring may be 
rotating in righthand or in lefthand. It may also be rotating form righthand to lefthand or 
form lefthand to righthand. 

Along the same investigations it can be seen that the rotating fuzzy ring could also 
be shown in the D6-Brane background. Note that without the magnetic field the rotating 
membranes had been found by Harmark and Savvidy [16]. 

Finally we shall mention that in a previous letter [13] we have uses the regularized 
theory of light-cone gauge memberbranes [14] to find the matrix model in the Kaluza-Klein 
Melvin background. We had also in [13] found the rotating fuzzy ring in the Melvin Matrix 
model. However, the metric adopted there is the eleven- dimensional metric in (3.4). The 
investigation in this paper is using the nonabelin Born-Infeld action in the ten-dimensional 
IIA background which has the metric described by (3.5). 



4 Construction of Ring Configuration 

In this section we will investigate how to construct the ring configuration from the D-branes. 
As first sight one may guess that the fuzzy ring configuration is only a closed type of the Dl 
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brane, just like the fuzzy sphere is that of the spherical D2 brane [3]. However, I will show 
that this is not the fact. 

The Born-Infeld action of the D P brane we will use has the form [12] 



Sd p = ~T P J cF +1 £e-<y-det (P[G] ab + \F ab ), 



(4.1) 



where T p is the tension of the Dp-brane. In the Melvin magnetic tube background (3.5) the 
Dl action becomes 



S D1 = -Ti J dtd(f) A~ 3/4 
The potential for this system is 



i 



-det 



-A 1 / 2 
A-VV 2 



(4.1) 



V D1 = 2nT 1 r(l + B 2 r 2 )- 3/A - 



(4.2) 



The potential is zero at r = and at r — > oo. It has a local maximum at finite r. However, 
the potential does not have a local minimum. Thus we conclude that the ring configuration 
could not be formed from the closed Dl brane. 

To solve the problem let us consider the D2 action in the Melvin magnetic tube back- 
ground (3.5) 



//•27T rr-\-6 
dt J d<f> J dr A 



-3/4 



-A 1 / 2 

— det ^ A 1 / 2 -BrXMA- 2 j , (4.3) 

BrXMA" 2 A~ x l 2 r 2 



in which M is the number of magnetic flux and we have taken the integration of r from r to 
r + 5, in which 5 is small. Choosing 5 = 2ti£ s , which is the string length scale, the potential 
becomes 



Vring = 2irT 2 T 5 



1 



1 + 



\ 2 M 2 B r 



A 4 



1ixT x r 



1 



\\ 1 + B 2 r 2 



, A 2 M 2 5 2 \ /A A . 
! + ^— > ( 4 - 4 ) 



\\ 1 + B 2 r 2 

as we have the relation T2 x 2ir£ s = T\ in the equation (1.5). This potential has the following 
properties 



2ttTi / _ A 2 M 2 v 

Vring 25V 



as r ^> 1, 



(4.5) 
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/ /i 9A 2 M 2 R 4 \ \ 

V rmg - 2nT, r + [\ - ^ + 1 + X2M2B2 ) r 2 j , as r « 1. (4.6) 

The potential is zero at r = and approaches to 2nTi/ B at r — > oo. It has a local maximum 
at finite r*i and also has a local minimum at another finite r*2, as shown in figure 2. Therefore 
the stable solution may be regarded as a ring with radius r* 2 - 



v 




r 



Fig. 2. Radius dependence of the potential (4-4)- This potential has a minimum at which 
ring configurations become stable. 



5 Discussion 

In this paper we try to find the fuzzy ring solution in the D-branes theory. We use the Myers 
T-dual nonabelin Born-Infeld action [3], which describes the M DO-branes system, to find the 
solutions in the background of D6-branes and Melvin magnetic tube field. In the D6-Branes 
background we see that, besides the fuzzy sphere solution that found by Hyakutake [11], 
there has also ring solutions. These solution are formed by the gravitational dielectric effect. 
We have also seen that the fuzzy ring solution has less energy then that of the fuzzy sphere. 
Thus the fuzzy sphere is metastable and would decay to the fuzzy ring configuration. In 
the Melvin magnetic tube field background we see that there does not exist fuzzy sphere 
while the fuzzy ring configuration may be formed by the magnetic dielectric effect. We also 
extend the investigation to the nonstatic system. The results show that the D propagating 
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in the D6-branes and magnetic tube field background may expand into a rotating fuzzy ring. 
The static solution is just the stationary state in the rotating solution. We also use the 
Dirac-Born-Infeld action [12] to investigate the problems of constructing the ring from the 
D-branes. It is seen that the fuzzy ring configuration could not be constructed from the 
closed type of the Dl brane. 

The furthermore physical properties of the fuzzy ring solution, such as its stability, the 
radiation during rotating, ...etc. [16], is remained to be investigated. In this paper we 
have considered only the Boson Hamiltonian. The Fermion part can be obtained by the 
supersymmetrization. The interaction between a pair of the fuzzy ring and other dynamics 
of the fuzzy ring can be investigated from the complete Hamiltonian. These problems remain 
to be studied. 
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